
SOLUTIONS - OLYMPIAD EXAMINATION LEVEL 2 

1. a) If x and y are positive integers less than 7, sketch the graph of the solution set to the 

equation xy = yx. 

Cm&tm&m S&lui£jm Stf Discrete S&l&twn S$t 

b) If x + 9x + 20 and 2x + 10 are both positive integers, determine all real 

solutions to (x2 + 9JC + 2o12*+ 1°} = (2JC + i 0 )^ 2 + 9 ^ + 2 0 >. 

This problem is in the form xy = yx. Check both y=x and the separate cases 
x=2,y=4, and x=4,y=2. 

x z +9x + 20 = 2x + 10 

x = -2,-5 
Also check 2 =4 

4_ / i 2 x 2 +9x + 20 = 2 2x + 10 = 4 

x = -3,-6 x = -3 
This x=-3 is indeed a root. 
We can also check it the other way. 

x 2 + 9 x + 20 = 4 2x + 10 = 2 

x = irrational x = -4 
These x values don't agree. 

We have x = -2,-5,-3. Plugging these in gives 66=66 , 0°=0° , 24=42, so we find 
that -5 is extraneous. Our result is x=-2,-3 
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c) If x - 1 lx + 30 and x - 9x + 18 are both positive integers, solve 
/ 9 >(jt2-9x+18) / 9 Vx2-llx-f30) 
( x 2 - l l x + 3 0 j = ( x 2 - 9 x + 18J 

Same process as above. The equation looks like xy = yx. 
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>> = xcase yields x - 1 lx + 30 = x -- 9x +18 -> x = 6. 

,0 i lv ,A x 2 - l l x + 30 = 2 x 2 - 9 x + 18 = 4 v n 

(2,4) case yields -> x = 7. 
x = 4,7 x = 2,7 

x 2 - l l x + 30 = 4 x 2 - 9 x + 18 = 2 
(4,2) case yields * * + /ry Q + /r« -> no solutions. 

x = — = x = — 
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Check solutions : x = 6 gives 0°=0° . x = 7 gives 24=42. 
x = 7 is the only solution. 



2. a) Let S be the set of circles x2 + y = n for n = 1, 4, and 9. Let Tbe the set of 

lines y = x + £V2 for A: = 0, ± 1, ±2, ± 3, and ± 4. Determine the number of points 
in the intersection of the graphs of the sets S and T. 

The line y = JC + £>/2 will intersect circles with radius 

greater than |A:| twice, circles with radius \k\ once, and 

circles with radius less than \k\ never, as shown in the 

diagram. 

n = 1,4, and 9 correspond to r = 1, 2, and 3. 

For r=7, the intersections will be 2 with k = 0, 1 with A: = 1, 
and 1 with k = -1 , a total of 4 intersections. 

For r=2, there's 2 intersections with k=-1,0,1, and 1 intersection with each £=-2,2, for a 
total of 8 intersections. 
For r=3, there's 2 intersections with &=-2,-1,0,1,2, and 1 intersection with each £=-3,3, a 
total of 12 intersections. 
So there are 4 + 8 + 1 2 = 24 intersections. 

b) Let S be the set of circles x + y = n for n = 1, 2, 3 , . . . , 8, 9. Let Tbe 

the set of lines j ; = x + &V2 for all integers &. Determine the number of points in 
the intersection of the graphs of the sets S and T. 

We already solved this for radii 1,2, and 3. The addition of "all integers k" wont change 
anything because all lines with \k\ > 3 have 0 intersections with these circles. 

Radius = v 2 , V3 hit by k=l twice, k=0 twice, and k=-l twice. = 6 

Radius = each have 10 intersections. 
Total intersections = 4 + 2-6 + 8 + 4-10 + 12 =76 intersections 


