2.

a)

b)

Solutionsto MAML Olympiad Level 2 2001

Fractionated

The average (mean) of the two fractionsis hafway between them:
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The answer isyes. Assume without loss of generdity that
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It is possible as the following table shows and thisis an example of SSimpson’s Par adox.

December FT Made | FT Missed Totds Percent
Shaq 59 1 60 98%

Marcus 87 3 90 97%

January

Shaq 21 19 40 53%

Marcus 3 7 10 30%

Dec. & Jan. Combined

Shaq 80 20 100 80%

Marcus 90 10 100 90%

Divide and Conquer

a)

b)

%+EC:adb;bc;assumethiswmequdstheintegereID aOIerC—d p a—S+c deb

a_t;j isaninteger; Sncea and b are rdaively prime, then b must be afactor of d;

aso, ad;bc =beb a +%— bep % Isan integer; Snce c and d arerdatively prime, then d

must be afactor of b; the only way b can be afactor of d and d can be afactor of bisif b=d .

223,020 =2253% 5557 ¥59; 5432 =237 ¥97 ; since the greatest common factor of these two
numbers = 2% %7 , then both numbers sought must be multiples of 28; therefore we can now
consder both sought numbers divided by 28; the least common mulltiple of the two new numbers
isnow 3*>6>69 and their sumis 2>97 ; one of these new numbersis amultiple of 27, one of
these new numbersisamultiple of 5, and one of these new numbersisamultiple of 59; snce

27>5+59 =194 = 297 , the two new numbers must be 135 and 59; multiplying each by 28
gives the two sought numbers: 1652 and 3780.



g 1
Assume aF

k=1

, ahinteger and let L be the least common mulltiple of the set of numbers

S$={1,2,3,...,n} . Multiplying both sides of the equetion by L gives La —=Lm,.
k=1

By the nature of L, the left-hand side, when expanded will consist of integer terms. Let r be the

highest power of 2 in the set Sand consider the term on the | eft Sde formed by Lgezirg SincelL
2

istheLCM of S % must be odd since L does not contain any higher power of 2 than r.

However every other term in the equation, both on the | eft-hand and right-hand sides must be

even. Thereason why thisistrueis because if there were other odd terms, then they would have

to be of the form k—;r where k isan integer greater than 1. Thiswould imply that 2! £ k »2°

woulddsobein S. Thiscontradictsthat 2" isthe highest power of 2in S.

So there would be an equation such that a sum of dl even integers except for oneisan even
integer. Thisiscdearly impossible. Therefore the assumption that the originad sum isan integer
isfase

3. Round and Round

b)

Let r =radius of the smdler circle and R = radius of the larger one.
By the Pythagorean Theorem R? - r? =10%. Theareaof the

annqusA:pRz-prZ:p(Rz-r2)=10QO "

C
The area of the segment = area of the sector  — areaof the triangle
2 2 &LO }‘
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If L =+/3D andtheareaof the segment = 4p - 33, using the formulain part b, then

D2 +(+/3D) 5 D(Dy3 o
4p - 33 = (4 )tanngng_ (4 )p4p_3\/§:Dtan-(\/§)_

2 -
4p-3J§:D2%-DT‘/§p 4p-3\/§:D24p1—23‘/§p D?=12b D=23 and L =6.

c)

2
Dﬁp
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Progressively Better

Instead of the standard “text book™ approach, you could use Mathematical Induction:
2
é a =a +a, :—(a1+a2) assumeit istruefor n, proveitistruefor n+1.:

Usngthefomua a, =a +(n- 1)d b a,, =a +((n+1)-1)d =4 +nd:

+1 n

o]
8= Q & +au =5(a+a) ¥a,, =5 (a +a +(n- )d)+a +nd=

k=1

Qo;

=
1
[y

(24 +(n-1)d) +1(Za1 +2nd) :2(281 +nd- d) +%(2a1 +2nd) =

(2a1+nd)- %+ 1(2a1+2nd) ——(2a1+2nd) (2a1 +2nd- nd) =

n
2

n 1 n+1 n+1 n+1
E(2a1+2nd)+5(2a1+nd) = T(2a1+nd) = T(a1 +(a +nd)) =T(ai+a”l)

The nth set has n dements. If you recognize the subscripts of the last termsin each set are

b)
which are the triangular numbers, you can consider the setsin reverse order in

1, 3,610, ...,
which case the congtant difference between termsisnow - d . Thefirs dement in the nth

an(n+l) O
( ) +aan n- 29d now use the formulas from

“reversed set” is &, :a+gT- 1;d =a %T@
2

% e Lan’+n- 29d9+(n 1)(- d)f’ 2(2a+(n +n- 2)d+(n 1)(- d)):

part a: Sh——
ég 8 2 g 2

g(2a+(n2- 1)d)



) Usng the formulafrom part a, if the firgt integer isk , then the sum of r consecutive
integers garting with k would be: LZ(ZK +r - 1) ; if r isodd then the sum can not be a power of 2;

if r iseven, then 2k +r - 1 would be odd and so the sum is never a power of 2.

d) If ¢t 2", then c=2"(2b+1) whereaisanon-negativeinteger and b isany positive integer.
There are two cases to consider:

(i) b<2®, thenif thefird integer is 2% - b and the last integer is 2* +b , there would be 2b +1

integers added and their sum would equa Z)TH(Z"" -b+22 +b) =2%(2b+1).

(i) b3 2%, thenif thefird integer is b+1- 2* and thelast integer is b +2°, there would be 2 X2?

integers added and their sum would equa 22

(o+1- 22 +b+2") =2%(2b+1).

Doesit Really M ake a Differ ence?

a) If a®- b* =28pP (a+b)(a- b)=28;to get integer solutionsfor a and b, let a+b =14 and
a-b=2p a=8,b=6;\ &- 6 =28.
If a®- b*> =48b (a+b)(a- b)=48;to get integer solutionsfor aand b, let a+b =24 and
a-b=2p a=13b=11; led¢ a+b=12 anda- b=4p a=8,b=4;le¢ a+b=8 and

a-b=6b a=7,b=1:\ 13?- 11°=48, 8- 4# =48, and 7>- 1> =48.

b)  198= 2x3°x1;if a’- b* =198p (a+b)(a- b)=198; since 198 has only one factor of 2, if

a+b iseventhen a- b isodd, orif a+b isoddthen a- b iseven; in @ther caseif you added

the equations a would not be an integer and so 198 cannot be written as a difference of squares.



d)

Based on part b, set S cannot contain positive integers of theform 2(2k +1) wherek isany

non-negative integer. Furthermore these are the only postive integersnot in set S, If the integer
isodd or divisble by 4, it isadways possble to expressit as a difference of two squares of non
negdtive integers. In the case of the integer k being odd, then a+ b=k and a- b =1, which

resultsin a=k7+1 and b:%. Inthe casethat k =4l , where | isapostive integer, then

a+b=2 and a- b=2,whichrealltsin a=I+1and b=I[-1

Consider 3typesof integersinset S (i) 2', wherer >1, (ii) p* p,® ..., wherethe p,’s
are odd primes, and (iii) 2" xp,* xp,* ..., where r >1 and the p,’sare odd primes.

Let f (n) be the number of ways a number in set S can be written as a difference of squares
of pogtive integers.

(i) 2, wherer >1: Inthiscase you can “split” 2" into 22" where O<t£r- tp

o<t ELZ JAfyoulet a+b=2"" and a- b= 2", you will get adifference of squares of non-

negative integers for each pair of valuesof r - t andt. If tzg_rzg where [ x] isthe greatest
integer less than or equal to x, thiswill give you the number of cases.\ f (Zr) = %E

(i) p*=p,®...: Inthiscasen has (s +1)(s, +1) ... factors. If nisnot aperfect square, there

o (s+1)(s+1).. . . .
will be 5 pairs of factors, each pair producing a difference of two squares of non

1+(s +1 (s, +1)...

negdiveintegers. If nisaperfect square there will be pair of factors

A+ (s+1)(8+1)--U o deboth stuetions \ | (pp,".)= a+(s +1)2(52 +1).0
& Q & Q

(iii) 2" xp> xp,* ...: Inthiscasen has (r +1)( $+1)(s +1) ... factors. You want to diminate all
pairs of factor inwhich 2" is contained in one of them. From case (ii ) there are

(sl +1) (s2 +1) ... factors that are odd. The factor 2" could be multiplied by any one of these,

which would then be paired with a second odd factor so that both multiply to n. Therefore you



want to diminate (s +1) (s, +1) ... pairs of factors. The total number of pairs can be arrived at
inasimilar way to case (i) .

:1+(f +1)(%2+1)(% +1)-"§_ (5+1)(s,+1)...

\ (2 xp,* xp,” )—

A second, more generd, formulafor f (n) is presented here without explanation:

Let n=2"xp,% xp,%... with r, §, S, ... non-negativeintegersand p,, p, ... odd primes, then

i U L
_,(sl+1)(s +1) if risodd
7Y
f(n ):],: (r-9(s +2)(Sz+1) if r and (s +1)(s, +1)...are both even

i
:S(r (s +9(s+). +1 if riseven and (s, +1)(s,+1)...is odd
Té 2 i

6. I’'m Lost and You R2

a)

Beginning & the origin, (0,0), R2 proceeds to the point (10,0) and then changes direction by
45°. For the next 5 miles his x and y coordinates change by the amounts (5cos4555sin45°)
making his new location (10+5c0s45°,0+ 5sin45°) . Onthe next leg of histrip the changein
thex and y coordinatesis (2.5c0s90%2.5sin90°) bringing him to the point

(10+5c0s45° + 2.5c0s90°, 0+5sin45°+ 2.5sin90° ), and so on. Y ou want to find the limiting

vauesfor thethe x and y coordinates of the position. Y ou should treat each coordinate

separately.

For the x coordinate, the termina vaue =

10+ 5c0s45° + 2.5c0890° +1.25¢c0s135° + 0.625c0s180° + 0.3125c0s225° + 0.15625c0s270° +
. Thisseries can be split into 4 infinite geometric series g% :1%2 with the first series

conggting of the 1t term, 5th term, Sth term, ..., the second series being the 2nd term, 6th term,

10th term, ... etc. For each of these series r = - % Note the 3rd series of terms are dl O.

_ 10 5c0s45° 1.25c0s135° _ 10+5c0s845° +1.25c0s135° _
Xterminal - ..+ . +0+ - -
el , & 190 & 106 17

1.216, 210 1- 2 2 =L
& 165 & 167 & 164 16




b)

— 17 ® X »11.907 miles(Storing thevduein X to usein pat b.)

For the y coordinate, the termind value =
0+5sin45° +2.5sin90° +1.25sin135° +0.625sin180° + 0.3125sin225° + 0.15625sin270° +
... Notethe 1t series of terms are dl O.

N 5sin45° N 2.5sin90° N 1.25sin135° _ 5sin45°+2.5sin90° +1.25sin135° _
@16, @16 4 210 17
€165 & 165 & 167 16

160+ 302
7

ytermi nal = O

4O+1—570‘/§® Y » 6.512 miles (Storing thevaduein Yto usein pat b.)

1—05 = 20miles At aconsant

The tota distancethat R2 travelsis10+ 5+ 25+ 1.25+ ...

rate of 4mph, R2 should arrive at the termina point (X ,Y) in 5 hours. Since R2 left 2 hours ago

he has 3 more hours before he reaches the termina point. Y our distance from the origin to the

terminal point = v/ X2 + Y2 . Since you need to reach the point the same time as R2, your rate

VX2 +Y?

should be —3 mph » 4.524 mph.

Note that in the complex plane 106” =10+ 0i, 56" =5c0s45° + 5i sin45°, etc.

To find the termind point in the complex plane with the direction dtered by g degrees each time
would amount to adding the infinite series: 10€” + 56 +2.5¢™ +1.25¢*" + ... Thisisan
infinite geometric serieswith r =0.5e" . Using the same formula as part a:

Termind point in the complex plane =

10 _ 10(1-56")  10-5¢" _10-5(cosq - ising)
1- 5" (1- .5e‘“)(1- .5e"“) 1.25-.5(eqi-e"‘i) 1.25- cosq

10- 5cosq N sing i
1.25- cosy 1.25- cosq
a0- 5cosq sing

The coordinates of the termind point in the Cartesian plane are , 9
%1.25- cosq 1.25- cosq g




7.

What the Hex?

a)

b)

Let s=dde of theinner hexagon. Usethe Law of Cosnes. A Gx B
s =x* +(1- x)2 - 2x(1- x)cos120° P

$ = 4k - 201 21 N F %'_‘?p
2

=X +X-2x+1+x- X b & =x*-x+1
Usethe formulafor areaof aregular hexagonintermsof itsgde s:

. 35%+/3 _ 3(x2 - x+1)J§

2 2

31\/5 , then
24

If thearea <

3(x%- x+1)/3
( ) <31\/§ b X2- x+1<oip - x+i<St 141p
2 24 36 4 36 4

2
a§<£9 <£D x-1<—1b -}<x-1<—1b E<x<§. The probability that x is selected
& 25 9 2l 3 3 2 3 6 6

from thisinterva =

wlin

If probability that the area of the hexagon is gregter than a square units = % p

3(%%- x+1)4/3

( )J_>ab X2-x+1>ﬁb x2-x+1>2\/§a- 1+1p
? 33 4° 9 4

g lo_ 23 3, ‘X_1‘>\/8\/§a- 27

g 25 9 4 2 6 '

Thisinequality should represent intervals which are% of theinterva [0,1]. Therefore

V83a-27 |1, 8Ba-27_1 ef5a= b a:1197g/§:39\/§

3a=—
6 4 36 16 4 32




8.

Lower Left Corner N

b)

s|16] 27| -
s 11517 |26 -
14(18|25| -

9 [12[20[23] -
4110(11|21| 22 --- X

v

O |w |01 |oo

Consider the following partition of the natural numbers: {1} { 2,3} ,{4,5.,6} ,{ 7,8,9,10} , etc.

These correspond to the cdl numbers of the “diagonds’ in the lattice as you move away from
the origin. Notice that, as such, the sum of the coordinates of the lower left corner point of each
of the cdllsdong any diagond is congtant. For example the third diagona conssts of cdls
numbered 4, 5, and 6. The coordinates of the lower |eft corner of these cells are respectively
(2,0),(11), and (0,2). Each ordered pair’s coordinates add to 2. In general the nth diagona
will have lower left corner points each of whose coordinatesadd to n- 1.

Next note that the largest number on each of the diagonasis, naturaly, atriangular number.

Thismeansthey have theform @ k=123, ... Cdl 100 fdls between 91 and 105, the

13th and 14th triangular numbers. Therefore cdll 100 is on the 14th diagona. The sum of the

coordinates of the lower |eft corner of cell 100 must add to 13. Cell 100 isthe 9th onein the list
92, 93, ...,105. Since even numbered diagonds have cell numbers that increase with increesing
x coordinates, beginning with 0, the x coordinate of the cell 100 must be 8. Therefore the lower

|eft hand coordinates of cell 100 are (8,5) .

+
Supposeweset N = w and solvefor k. This givesthe postive root from the quadratic

formula k = ZLIryitsN “21+8N Clearly thiswill be aninteger only if N isatriangular number.

However from the value of k, you can determine between which two triangular numbers N fdls
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In particular, N lies between [ k] th and the ([k]+1)st triangular numbers, where [ ] isthe

greatest integer less than or equd to k. Based on the argument in part a, the sum of the
coordinates of the lower left corner point of call N must be k] . Aswith part a, the next

consideration isthe parity of [k| and the relative position of cell N on'the [ k] thdiagondl. In

M +thoneonthedi d. If [ k|isodd, th
> agon [K] is odd, then, asin

generd, the number N isthe g
@

part a, the x coordinates increase with the cell numbers and the lower |eft corner’ s x coordinate

wouldbe N - 1- w On the other hand, if [K] is even, then the situgtion is reversed
> : : ,

and the x coordinate of the lower left corner of the call would be

M- (éN . [k]([k]+1)6 . N+2F2k]+[k]([‘2<]+1):(1_ N)+[k]([;]+3).
Putting all of thistogether: Given N, determine k = ——+ V1*8N "2“8'\' ;

if k is odd, the coordinates of the lower |eft corner of cal N =

é( ). 1k ]([ [+1 [k]([k]+1)

)1 v -9 =
{ =
if k is even, the coordinates of the lower |eft corner of cdl N =
k +3 k|([k|+3)00
é L3 o RUIUAE
29
In the first quadrant the only integer coordinate points through which the circle
{(x, y) X +y? :442} passes are (1,21), (21,1), (9,19), and (19,9) . Thefirst two points have a
coordinate sum equal to 22 and therefore [ k| = 22 for the number N. Since 22 is even, the x

coordinate equals 1- N + 22525

=276- N, usngtheformulain part b. Therefore

N = 276- 1= 275 for thefirg point, and N = 276- 21= 255 for the second.
Similarly, for the second pair of points [ k] =28 and the x coordinate equals

1- N+ % =435- N . Thus, the cel numbers corresponding to these would be

N =435- 9=426 and N =435- 19=416. The cdl numbersare 255, 275, 416, 426.



