MAML Level 1 2000 Detailed Solutions

B) aninteger

n(n+1) n(n+1)

is an integer since either n or n + 1 must be even ® their

n(n+1)
2

is not positive if n = 0;

n(n+1)

product is even making the expression an integer; isnot evenif n=1, IS not greater

_ n(n+1) _ _
thannifn=0; T isnot odd if n = 4.

E) 9and 11 only

87% - 78° =1485° 0mod99; 593” - 395 =195624° Omod99; 5681” - 1865° = 28795536 ° Omod99 ;
These and other examples seem to indicate the answer above. To prove the result in general, show

(d,20" +d, 10" +..+ 10"+, ) - (d,10" +d,10' +...+d, ,10+d, ) © Omod99; 107 1mod99;
When you expand the above expression some of the terms are of the form

(d10)"- (d20™")" =d (107 - 107"} o d?(1 - 1) mod 99 ° Omod99 ;

The remaining terms are of the form

20,10d10' - 2d,10"'d ;10" = 2d,d, (10" - 10" 1) = 2d,d 10" (1- 10*" %% ) =

24,10 (1- 10" ) © 2d,d 10" (1- 1)) mod 99 ® Omod99 ; therefore the sum of all the terms in

the expansion © Omod99.
D) 28

If the upper left hand corner date = x ® upper right hand corner date = x+ 2, the lower left hand corner
date = x+14 (2 weeks later), and the lower right hand corner date = x+16;

x+2)(x+14)- x(x+16) = x*> +16x+28- x> - 16x = 28.
(x+2)(x+14)- x(x+16)

E) 9:40

Clock F gains 6 minutes each of its “hours” on clock S. Since clock F is 60 minutes ahead of clock S
10 of its hours have elapsed = 620 actual minutes. Subtracting 10 hours 20 minutes from 8:00 o’ clock =
9:40.

100(M - N)

B) N

M- N _100(M - N)
N

The fraction that M is greater than N = %.




10.

11.

D) lorll only

Finding points on line ¢, {(x y)| 3x+5y :15} equidistant from the coordinate axes means points where
y=xX. If y=x® 8x=15® x>0and y>0. If y=-x® -2x=15® x<0and y>0.Thisimplies
the points are in quadrants | or I1.

D) 9

nw =36 and (n+6)§/v- %9236@ nw - %n+6w- 3=36® 36- %n+6w- 3=36 ® -n+12w- 6=0
7}
® n=12w- 6® w(12w- 6)=36® 2w’ - w- 6=0® (2w+3)(w- 2)=0®

w=2® n=12(2)- 6=18 ® =9
W
5
B) - >
)%

The sum of the roots of an nth degree polynomial = - &1 \yhere a, isthe coefficient of X" and a, ,is
a,

the coefficient of x™*. Therefore the sum of the roots of the given polynomial = - g =- % Since one
of the roots = % +i and the coefficients are all real, a second root must be its conjugate ®

r +%+%+i +%- i=- %@ r =-2 wherer isthe fourth root of the polynomial ®

theproductofalltheroots:(-2)@% gi-ué S

5 *

@&p 6_4p

al 5
Since sin ~=C0S +50°)® +20 +50° =90°® =40°® q =16° ® q =16 )
¢ q (9 ) q Py 54 q= q=16¢ 05=""15

c) 9
N=3+3+3 =38 =31 @® n? = (3x+l)2 - (32)"*1 = g*1
B) b?*-3

Let BD=x. ?+b*=AB*=22+Xx*® x*=b?- 3® x=+/b*- 3.



12.

13.

14.

15.

16.

2(a2 +1)
(a+1)

tanx+1
1- tanx

Since tana§<+89—a®
8 4

—a® tanx+l=a- atanx® atanx+tanx=a- 1®

w18 _(a+1) +(a-1f _ 2(a+1)

tanx(a+1)=a- 1® tanx:a;1; sec? x=1+tan® x=1+

a+1 &a+1p (a+1)2 (a+1)2
oL
35 R
Under the given conditions, the number of paths to a point is 1 5 15 35 IR
arrived at by adding the numbers on the vertices leading to
this point. There are 70 paths from (0,0) to (4,4). Thereare 1 2 10 20 -
6 paths from (0,0) to (2,2) and therefore 6 paths starting at 22)
(2,2) to (4,4). Thismeansthereare36 (6 6) paths from o I T e B
(0,0) to (2,2) to(4,4). ) , ; y -
The probability that the pin starting at (0,0) ending at (4,4) 00
36 18 1 1 1 T

goes through (2,2) = oo E

D) 2a’

Theinequality [x- 1 +|y- 2 £a isatranslation 1 unit to the right and 2 units up of the inequality
x| +|y| £ a. Therefore the two inequalities enclose the same area. |x|+|y| £ a encloses the area of the
square whose vertices are (0,+a) and (+a,0). Thearea of the square is one-half the product of its

dlagonals— go (2a)(2a) =2a°.

C) 6

Let A = unshaded area in the diagram. Thelightly shaded area= 4p +4p +p - A=% - A.
The darkly shaded area= pr?- A wherer is the radius of the darkly shaded circle.
Therefore pr?- A=9 - A® r =3 and the diameter of the darkly shaded circle = 6.

D) 1.44p

If r = radius of the inscribed circle, A = area of atriangle, and P = perimeter of atriangle, then

%er =A® 10r =12® r =1.2® area of inscribedcircle=1.44p .



17.

18.

19.

20.

D) 9p

. . . +b
Use the sum to product formula sina +sinb = Zsm? 0

2

os?é\@_—zb 2 to simplify the equation
2

sin(5x) +sin(x) =sin(3x) ® 2sin(3x)cos(2x)- sin(3x)=0® sin(3x)(2005(2x)- 1) =0®

sin(3x) =0 or cos(2x)=%® 3x=0,p,2p,3,4p,5 or 2x
15 , 24p

solutionsfor x= ——+——=9p..
3 6

9
D) =2
) 2

P E 7_p & ® sum of all the

3’333

log, 54 +l0g, 16 =log ; X- Iogse(%) ®

log54  logl6 _ logx Iog(%)@
log6 logx log+2 log36

4log2 2logx _

log54 , 4log2 _ 2logx _ 2|09(%) ® Iog;154+|09(%3)+
log6 logx log2 2log6 log6 log6
Iog36+4I092_ 2log x log x
log6 logx log2 y log2

0®
logx log2

=0® 2+ﬂ- 2y=0if y=—— ®

-2f+2y+4:oc>f-y-2:0®(y+n(y-a:oc>EQE:-lmzcuo%x:-1m2®

log2

x=%or4® sum of the values for x =

N | ©

C) 36p

Since the circumference of the circumscribed circle = 24p,
the radius of the circumscribed circle = 12.

The right triangle formed by the circumscribed radius, the inscribed
radius and half the side of the equilateral triangle is a 30-60-90° 2
triangle. Therefore the radius of the inscribed circle = 6 and its area = 6

36p.

p+q, p+q,

p+3q

_ p+q. 2 q:p+3Q.%: 2 4
’ 2 4 2
3p+5q , p+3q 3p+3q, Sp+1lq

_3p+5q.
8 )

8 4 :5p+HQ.a5: 8 16
2 16 2

_11p+21q .
32



21.

the previous results establishes the following pattern for a, : the coefficient of p =

S (07),

the coefficients of p and g add to 1® coefficient of g = 3 o

as Nn® ¥ , the coefficient of p® % and so the coefficient of g ® :—23;

thereforeas Nn® ¥, a, ® %Zq ; to prove the above patterns use mathematical induction:

+
the formulas are true for n=1and 2, now show than a_,, = oSy

2
1 n- n 1 n n 1 n n+ 1 n+ n+
A O ) I R O ) I AR O D B e O D
3 0+ 3 g+ 3 0+ 3 q
an.]_+an _ 2n.]_ 2n-l 2n 2n -
2 2
1. N Ln foan) Lo oamt) Lfon -
3(2 t4(-1)) +3(2 - (1)) +3(2 +(-1)™) +3(2 S (0")
on p on q 2n+1 p 2n+1 q=
1., N 1fon N Lo s oont) Lfon -
3(2 +2(-1)") 3(2 t-2(-1)") 3(2 +(-1)™) 3(2 - (-1)™)
o+l p+ o+l q+ o p+ o+l q=
1(2 2 +2(- 1) +(- 1)) 1(2 2= 2(-1)" +(- 1))
3 p+3 q=
2 2
1fon N Lfon SN w2\ Lo -
3(2 L+ (-1)) 3(2 2 (-1)) 3(2 4 (-1)") 3(2 2 (-1)™)
2n+1 p+ 2n+1 q= 2n+1 p+ 2n+1 0=2am.-
19
D) 5
¥ 10 10
as :7(251 +9(s,- 5)) :E(Ztl+9(2tz- t,))=5(18t,- 7t,)=90t, - 35t,;
i=1
5 t :1—25(2tl+14(t2 -1,)) :1—25(14t2 - 12t,) =105, - 90;
i=1
11 19
2%t -t ot
105t, - 90t =90t, - 35, ® 15t, =565 ® ¢, =t ; 2~ 8 -Z"b_—~ 3% *'_3°_19
3 t,-t t-t 1 8 8
§t1't1 étl



22.

23.

24,

25.

A)O

snce F+18 230 rreor Loz ree log e LB, 10%e g 16 % 10) gy
& g r 2 T E g 1’y & rp
E) 63825

Thereare5” 5° 5= 125 different numbers that can be formed from the digits 2, 3, 5, 6, and 7, with
digits appearing more than once allowed. Therefore if the numbers are listed in a column, each digit

appears 25 times in each column ® sum of each column = 25(2+3+5+6+7) =575 ® units digitin
thesum=05; 575+ 57 =632 ® ten'sdigit = 2; 575 + 63 = 638; the sum = 63825.

)
24

If Rand r are the radii of the first 2 circles, the right triangle in the
diagram has a hypotenuse of length R+r and aleg of length R- r .

Thisisa30-60-90° triangle. Therefore R+r =2(R- r)

® R=3r. Thisrelationship must also hold as each set of smaller
circlesisinscribed in the triangle and tangent to the circles. The

radius of the inscribed circle = i ® itsarea= 5; the next 3

\/§ r
. N
circles have aradius which equals —= ® their total area= 1
3V3
16 p 1
K] ® - - ==—. The next three circles after this have a radius which equals = the previous radius ®
&3y 9 3

their total area = % the previous area. An infinite geometric series is formed with afirst term equaling

% and aratio between terms equaling % . Therefore the total area of all the circles formed as this
P
process continues forever = Py 9 _P.P_ b :
1- 1 3 8 24
9

A) 25%

For the cone, h=3d =6r ® V ::—lgprz(6r) = 2pr?; the volume of the 2 spherical scoops =

2 3
—pr
_3PT

1
8 3_4
—pr
3p

=25%.

2xgp re :gp r®; the excess = :—23p r®; the part of the scoops outside the cone



26.

27.

28.

SN

TheareaofDABCz%ABxACsinAgAB: Jo 9% (2 3% (5 0F V2Z 3/3;

AC=\- + 1+ (0 3)% (2 0)F JI7; AB=- I 1j+ 5k AC=- 2 3f 2k;

CosA= ﬂBXAC 230 55 sna —\/276; areaofDABC:£>G«/§\/ﬁ\/276— :—23\/2_6

AB ACH NG J51 2 NG

Leta =cos'(x)® CEaEp andcosf 3 ® sirds) 1 X°.
Let b:tan‘l(\/l- x2)® &E b< %and tanf) 3 v1 @

1 _ 1 \J2- X
\/12+(«/L7)2 J2- 2 2-x

cos(b) =

7

BY —

) 16
Let x and y represent the coordinates of the two [__ 1]
points selected on the interval [0,1] Sincethe ¥ o

distance between them is less than one-fourth,

3
they must satisfy the inequality |x- y|< % : [L —]

Let the sample space be the unit square shown ¢ ,

on theright. The successful event is the area 4 //

satisfying the inequality which is the shaded region 2 -

between the lines x - y:Eand X y=- L |(.;.1l]

4 4 Y

The shaded area = area of the square —

area of the 2 right isosceles triangles =
B 7 (0,0) l(%rﬂ x
&4y 16 2




29.

30.

C) 32

Rowl 1
Generating 3 more rows, a Row 2 1 1
pattern is established. Row 2"
consistsof all 1's. Row 2" +1 Row3 1 0 1
consists of all O'sbetweenthe ~ Row4 1 1 1 1
end 1's. Row 64 consistsof 64 Row5 1 0 0 0 1
I'sandrow 65 has630’'s Row 6 1 1 0 0 1 1
betweentheend 1's. Row 96 is
32 rows past row 64 and would  ROW 7 1 0 1 0 1 0 1
consist of 32 1'sfollowed by 32 Row8 1 1 1 1 1 1 1 1
O'sfollowed by 32 1's. Row9 1 0 0 0 0 0 0 0 1

Therefore g(96)- f (96)=64- 32= 32. Note as more rows are generated, the same triangular arrays

appear imbedded within the triangle. Hence the rows from 1 to 32 appear twice from row 65 to row 96.
A similar occurrence is rows 1 to 4 appearing twice from rows 5 to 8.

D) 850

The center of the circles must lie on the perpendicular bisector of the segment connecting

A(1,9) and B(8,8). The midpoint of AB= (4.58.5).
L aB-95" o
Theslopeofthlsllne—-gﬂ+ =7® lineisy 85 7(x 45p ¥y 7x 23.
-l
The distance from any point on this line to the x-axis = |[7x — 23|. The distance from any point on this

lineto (1,9) is\/(x- 1)°+(7x- 32)° . Setting these distances equal produces the equation:
(7x- 23)°=(x )+ (7% 32)® x2 128x 496 ® (x- 4)(x- 124)=0® x 4,124 ®
radii are 7(4)- 23=5and 7(124)- 23= 845 ® sum of the radii = 850.




