NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES

PLAYOFFS— 2005

Round 1 Arithmetic and Number Theory
1.

2.

3.

1. Mary needsto get aB average in math. Her test scores so far are 72, 81, 77, and 92. What isthe
range of scores she can get on the fina test of the term so her average will be a B for the term?
The maximum score on any onetest is 100. (A grade of B is given for an average without
rounding between 80 and 89 inclusive.) Express your answer asthe ordered pair (min, max)
where min is the minimum score she can get and max is the maximum score,

2. Two fractions are such that their numerators and denominators are the four one digit prime
numbers. Determine the largest possible sum for these fractions.

3. Determinethe amdlest integer vaue of n, n > 1, such that the st of consecutive counting
numbers, S={1, 2, 3,4, ..., n} contains exactly 8.75 times as many multiples of 2 as of 17.



NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES

PLAYOFFS— 2005

Round 2 Algebral
1.
2.
3.
3x-2 _ael 64- X
1. If 25°% < = : , determine the value of x.
1259

2. In Tom'’s pocket, there are four times as many quarters as nickels but there are not enough
nickels to make change for a quarter. 15 more than the square of the number of nickelsis equa to
8 times the number of nickels. If there are no other coinsin Tom's pocket, what is the total value

of these coins.

3. If aAb=ab+b,thenfinddl a such that the following equation has two distinct real solutionsin x:

xA(an):-%.



NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES
PLAYOFFS— 2005

Round 3 — Geometry

1.
2.
3.
D
1. IncrdeO, diameter AB haslength 12 B
units. Chord CD intersects AB a E.
AE:EB = 3.5 and CE = 4. Find the
rumber of Unitsinthelength of ED . A
¢
2. In DABC, BF bisects DABC and o = 2 A
EF BA .
If AB = 2and BC = 3, expresstheratio
s intheform 2 wherea and b are relatively :
ED b 5 c
prime. D

3. Inab-12-13triangle, a segment is drawn pardld to the hypotenuse and 1/3 the
way from the hypotenuse to the opposite vertex. Another segment is drawn
pardld to the first and 1/3 the way from the previous segment to the opposite
vertex. Determine the number of square unitsin the trapezoid whose bases are
the two drawn segments.



NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES
PLAYOFFS— 2005

Round 4 — Algebra 2

1. Aisthesumof dl termsof an infinite geometric sequence whose fourth term is 4 and whose
seventh termis % . Bisthe sum of dl terms of an infinite geometric sequence whosefifth

termis % and whose common ratio is % Determinethe vaue of A + B.

.Note f isthe

2. If f(x)=2x+1, determineal valuesof wthf%hl 2121
. X)=<£X ) I vau X T = :
f1(x)a &f (x)g

inverse function of f.

3. If[x] standsfor the greatest integer less than or equal to x, solve X[ x| = 2005.



NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES
PLAYOFFS— 2005

Round 5— Analytic Geometry

1. Given A(0,0), ABCD isarhombus of C
side5wherethedopeof AB is2 and B

thedopeof AD is%. Find the

coordinates of C. D

2. Theequation of ahyperbolais xy - 4y + 6x- 28 = 0. A circeissuch that its diameter is the segment
connecting the vertices of the hyperbola. If the equation of the circleis written as

(x- h)2 +(y- k)2 =r2, wherer isits radius, determine the ordered triple (h, k,r).

3. Letk beapogtive number. If the area of the region bounded by the x-axis and the graph of
y =|x|+|x- 1 - kis16, determine the value of k.



NEW ENGLAND ASSOCIATION OF MATHEMATICSLEAGUES
PLAYOFFS— 2005

Round 6 — Trig and Complex Numbers

2
(8 I) wherei =+/-1. Expressthe answer in theform a + bi

1. Smplify 1: )

2.1f tan(a +b) :gandtanb :%,andaandbareacute, what istan(b- a)?

cos2x +1

= - sec? X , determine the value of cos? .
cos2x - 1

3.For OEx £ 2p ,if



MASSACHUSETTS ASSOCIATION OF MATHEMATICSLEAGUES

NEW ENGLAND PLAYOFFS-2005

Team Round
1 4,
2. _( ; ) 5
3 6
1. InDABC,AC = 8,BC = 6,andAB = 10. If B
mDMNC = mDABC and P isthe midpoint of MN , "
determinethelength of MN o that the areaof DBPA is
haf theareaof DABC . c A
N
2. InisoscelesDABC, mDBAC =108°. AD A
trisects DBAC and BD > DC. Find%.
B C

D

3. A paticleis moving on the curve defined by the parametric syssem x =1- Zcoszq and y =cogq .
The particleis closest to the origin when q = cos’ La for OE£qfE % Determine the vaue of a.

4.  Thefirg term of an infinite geometric seriesis 2 and the sum of the serieslieslessthan /10 from 2. Find
the vaues that the common ratio r can tekeon assumingthat r * 0.

5. ABCD and EFGC aresquares and thecurve y = ka/X E F
passes through the origin D and points B and F. A
. FG B
Determine —.
BC
D C G

6. Eachgdeof aregular dodecagon Aq A As.... Ajo is2 unitslong. Determine the area of the pentagon
A Ao AgArAs.
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Answer Sheet
Round 1 Round 5
31
2 = 2 (4,- 6,245)
3. 70 3. /33
Round 2 Round 6
1 8 1. 19 + 22
' 3
2. X
2. 315 99
3 a<-lora>-+ 3 -1+45
2 ) 2
Round 3 Team
1 135 1. 48
16 14 Jg
16 2. =
Sy
s V6
3. @ 4
27 L 1
4, - E <r< >
Round 4
1. = >
2
2. 1 6. 5+24/3
5 401



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
NEW ENGLAND PLAYOFFS—-2005 - SOLUTIONS
Round 1 Arithmetic and Number Theory
1. Sofar she has 322 points. She needs atotal between 400 and 445 inclusive. However, the most
on onetest is 100.

31

6

+

N
N~
wlu

3. Forn = 17to 33, theratiosincrease from 8:1 to 16:1 by 1's at every other number. From
n = 34ton = 50, theratiosincrease from 17:2 to 25:2 by halves at every other number.
Fromn = 51to 67, theratiosincrease from 25:3 to 33:3 by thirds a every other number.
Thus, our first solution must occur inthe 4™ interval of 17's. Atn = 68theratio is 34:4 and

an = 70, theratiois35:4 = 83, mekingn = [70].
Round 2 Algebral
1. 2% -5AX@ex- 4=-12+3x

2. Letn = number of nickds n? +15 = 8n has solutions 3 and 5. 5 does't satisfy the condition.
So there are 3 nickels and 12 quarters for $3.15.

3. xA(an):xA(ax+x):ax2+x2+ax+x:-% ® 8a+1x°+8@a@+x+1=0.

By the discriminant: (8(a+ 1)f - 4x8(a+1)>0 ® (a+1)2a+1) > 0.

\ a<-1ora>-1.
2

Round 3 - Geometry

1. Denote the segments on the diameter as 3x and 5x, getting3x + 5x = 12® x =15.LetED =V.
g xg =4y ® = %
22 VPV s



2. Condider the area of the trapezoid to be the difference of the areas of two right triangles.
10 1 .16 20
IX8X— - X x—
2 3 2 3 9

3. Since BF hisects DABC and AB = 2, BC = 3, then A
AB _ AF EF 2
=—=—=2_Dro diculars with F
BC FC BE 3 P perpen ,
length x, y, and z from points E, F, and A respectively. x y
o X _3 y 3. x_9 B &L C
By dmilar triangles, —=— and === —=—5p D
Y aw y 5 z 5 z 25

DA 25 ED 9

ED_9, AE_16

Round 4 — Algebra 2

1. %:4r3® r =%® a =4x°=32. a1:%(3)4=27 2 32 _Blgy-209

e 0
2. From f(x) = 2x +1 weobtan f 1(x) = 2 . Thus, f L - i& 2

1
4 ,1=X*3 Mg 1B L0 g 1 O0_2x+1 T X
x-1 X-1 §T05 = E2x+18 2 2x +1
X*3_ X o x2+2x+1=0® x = [-1.
x-1 2x+1
3. Notethat 442 = 1936 and 452 = 2025. If 44 £ x < 45, then
x[X] = 2005 ® x—%—%% and that isgreater than 45. If —45 £ x < -44,then[x] = —
45 and we have x[x] = 2005 ® X —¥4(3155—-4425 and that works. Ans. (2005




Round 5 - Analytic Geometry

1. Given B(a2a) and AB=5,then a? +(2a)° =5° ® B(«/E,Z«/g). Similarly, we
have D(Z\/E, «/5) . Thus, we have C(3\/§3\/§) .
2. The equation of the hyperbolaisaso (x - 4)(y +6) = 4. Itisarectangular hyperbola centered at

(4, -6) with vertices at (6, -4) and (2, -8). The distance between theseis 42, so theradius of the
cirdeis 24/2..

+k
3. -16 = 1(1- k)+2><—(1 k)gé—-lg ®
1+ k)2
K2=33 ® k=433, \ 1 Z
A . /D
1_k/
B 1 C
Round 6 — Trig and Complex Numbers
63- 1§| V1+2! _9%5+110 —19 + 20
1- 2 1+2 5
tana+g 2. b
2. 2—3=£®%—§®t a—%.\ tan(b- a):%zg—l9
1- —tana ana 1+—x—
3 3 23
2x) +1 _ (2cos’x- 1) +1 _ cos? _ cod .
COS(2X) :(COS_X2 ) =- _2X.Sett|ng- _ZX:-seczxylelds
cos2x) -1  (1- 2sn“x)-1 sin‘ x sin©x
2 -1+\/§

cos4x+coszx- 1=0® cos“x = >




NEW ENGLAND PLAYOFFS—-2005 - SOLUTIONS

Team Round

1. Pacethetrianglein acoordinate axis system with B(6,0)
C a theorigin. P mus lieonthe midineof DBCA
and given DBCA ~ DNCM , le¢ M = (0,4k) and M(0,4K)

ask _ 0o _ R(0:3)
N = (3K,0) . Thus Pg=" 2k must stisfy the P(3K/2.2K)

A(8,0)

equetion for the midline ﬁ whichis y = - %x+3 ¢ N(3k,0) T(4,0)

MN =5k, MN = |— = 4.8].

Alternative solution: Draw CP and dltitudes B
PQ and PR fron P to AC and BC. Since

theareaof DABP =12 ® areaof DACP + area M
of DBCP =12. Let MN =2x and since DPON

and DPRN are 3-4-5 ® PQ:gx and
3 Ao 0 ado, .S
—X® —=(8) i — X+ —=(6) =
5 8213( )85 P 82;3( )85
® 5x=12® 2x=4.8

x0=12
4]

PR=

Xty _

sinl08 sn36

DBDC, —~ =Y Thg XY = X
sin108 sSin36 X y

Thisgives X2 - xy+y2 =0 ®

ae«'jz X X _ BD 1+4/5

X0 X 1=0e 2=
&ys y y DC 2

2. From DABC, and from




Let thepoint P(X,y) lieonthecurve. The disance from P to the origin equas \/ X2 + y2

= \/é Zcoszq)Z + coszq = «/4cos4q - 3c052q +1. Theexpresson under the

radical isaquadraticin coszq and reeches its minimum at coszq =- % = g Thus,
. 3 3
the minimum occurs a cosq = \/: Thus, a = ‘/: = ﬁ .
8 8 4
2 ol e -ttt oo adar <1l Notetha
1-r 10 10 1-r 10 10 10

1- r > 0 gnce otherwise the serieswould not converge. Solving separately, we obtain

- — <r <—|. Note theregtriction r * 0 need not be stated.

Let BC = a and FG = b. Then, from point B(a,a) weobtain a = kfa ® k=+a.

From point F(a + b,b) weobtain b = k{/a+ b =.fa(a+b). Thus b?> = a® +ab ®

.2
0" b 4_ge Do 1+‘/§.
gaﬁ a a 2

Each interior angle is 150° and so the
areaof each of DA Ay Az and DAzA4 A

isE>Q>Q>Gin15O°:1. Let AjA3 = X.
2 As

Then x? =22 +22 - 2:2:2c0s150° = 8+4+/3. Theareaof DAJAzA; = %xzsin120°

= 3+2./3. Thus, thetotal areais|5+ 24/3|.




