MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS—2005

Round 1 Arithmetic and Number Theory
1.

2.

3.

1. What isthe sum of thefirg three prime numbers having the property thet they are each two
more than a positive perfect cube?

2. A man has 4 gray sport jackets, 5 brown sport jackets, 3 gray pair of dacks, 2 brown pair of
dacks, 6 gray ties, and 8 brown ties. Each item of one color is eadly distinguishable from the
others of that color. He aways wears awhite shirt. If each day he dressesin a sport jacket and
pair of dacks and some days he wears atie and others no tie, in how many ways can he make an
outfit if he never mixes gray and brown?

3. Let N be atwo-digit postive number and let M be the two-digit number formed by reverang the
digitsof N. If N —M isaperfect cubeand N > M , determine the number of vaues for N.



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS—-2005

Round 2 Algebral

1.
2.
3.
o> 27
o ' %Zr'a 64
1. Expressin amplest radicd form: — 17
ad6p
570

2. On atest Sam got a certain number of answers wrong and he got exactly 60% more than thet right.
What isthe least possible number of questions on the test, given that it isamultiple of 4? No questions
were |ft blank.

3. Find three consecutive positive integers such that the square of the second minus twelve times
the firgt is three less than twice the third.



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS—2005

Round 3 — Geometry
1.

2.

3.

1. Pentagon ABCDE is such thet if diagond BE isdrawn, it will be the base of isosceles DABE and

BCDE will be an isoscdes trapezoid. If mBCBA = 88° and mBC = 3mb CBE , determine the
number in degrees of DA.

2. AB and CE aretangenttocirde O at A and
E respectively. If AB=9+/2, DF =9, and
CE =6, determine BC.

3. In aregular square pyramid, each side of the base measures 8 cm and the height is 12 cm. Thetop
is cut off 8 cm from the base by a plane parale to the base. What is the number of sgcminthe
laterd surface area of the remaining frusum?



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS — 2005

Round 4 — Algebra 2
1.

2.

3.

1. In ageometric progression of positive terms, the fourth term is half the 8 term and their sum is
24. Thefirg termis of the form 2", where n isared number. Determine the value of n.

2. Two trapezoids, A and B, are formed usng the
x-axis, theline y = x and the verticd lines x = logy, a, /
X = logy a?,x= logy, a3, andx = logy at,
For a,b >1, determine theratio of the area of region B

totheareaof A intermsof rdativey primeintegers. A

3. Determine dl values of k such that the solution set of |x - k| < 2 isasubset of the solution set of
2x-1
X+2

<1. Useinequdity notation to express your answer.



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS—2005

Round 5— Analytic Geometry

1. Linel passesthrough (-8, 5) and has a dope twice the dope of the line whose equation is
7x- 4y =19. If the equation of line | iswritten in the form ax + by = c where a, b, c are

relaively primeintegers, with a > 0, determine the ordered triple (a, b, c).

2 2
(x-3° , (vy+4)
16 49
lowest point of the elipse and it passes through the ends of the minor axis of the dlipse. The

equation of the parabolaisin theform y = a(x - h)2 +k . Determine the vaue of a.

2. Given the eguation of the dlipse =1, apardbolais such that its vertex is the

3. CirdeOistangent to the x- and y-axes at points Q

and P respectively. BC and AD are parald tangents
to thecirclewith dopesof —1. If theareaof ABCD
equals 48, and r istheradius of circle O,

determine r2 |




MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS—2005

Round 6 — Trig and Complex Numbers

1If sin 1% = X, determine tan2x . (Note: sin* istheinverse sine function.)

2. Given the sequence a,, =(2n - 1)i "where i = /- 1, determine the sum of thefirgt 10 terms given
thet n starts at 1.

3. For 0°£q < 360°, determine the valug(s) of g which satisfy 2(cosq +sing) = cotq +1



MASSACHUSETTS ASSOCIATION OF MATHEMATICSLEAGUES

STATE PLAYOFFS- 2005

Team Round
1 4,
2 5
3 6
1. Threesquare holes of sde 1 cm are cut complete .

) e A
through the middle of a cube perpendicular to the —
faces asindicated in the diagram. If the volume of
the remaining figure is 324 cn’, find the number of 1 !

cm in an edge of the cube. (The figureis not drawn

to scale and does not accurately show the holes

going completely through the cube)

_ sin(A+B)
, determine the value of —

2. For acuteangles A and B, if (tan A)(cot B) =

o] ©

3. From every two-digit postive integer pick the smdler digit. Numbers with the same two digits
are not included since they have no smdler digit. Find the sum of dl the smdler digits.

4. A farmer has4 mdons. Heweighs each par of melons and finds that 27, 41, 44, 47, and 61
arethe weights of dl the pairs. (Note: More than one pair may have the same weight.)
Determine the weight of the heaviest melon.

5. How many isoscdes triangles with integer Sdes and a perimeter of 2005 are there?

6. A squareof sde 1 unit has one sde unshaded and the other sde
shaded. Vertex Bisfolded over so that B now lies on the diagond
from A of the square. If the shaded region showing has the same

area as the unshaded region showing, determine, in smplified B

exact form, the number of unitsin the length of new AB.. A



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES

Round 1
1. 159
2. 174
3. 6

Round 2

1 5/7

2. 52

3. 12,13, 14

Round 3
1. 94
2. 6

512+/10
9

Round 4

O wliN Ml

£kE1L

STATE PLAYOFFS- 2005

Answer Sheet

Round 5

1. 7,-2,-66
7
16

3. 62

Round 6

1. 4/5

2. 11+9i

3. 30, 135, 150, 315

Team
1. 7
5 [
2
3. 240
4. 32
5. 501
5 3/2- 243



MASSACHUSETTS ASSOCIATION OF MATHEMATICSLEAGUES
STATE PLAYOFFS — 2005 — Solutions
Round 1

1. 3+29+127=159
2. 48% +529=174.
3. 10a+b- (10b+a)=9(a- b). Clealy, a- b = 3, sowe have the following ordered

pairs (a, b): (4, 1), (5, 2), (6, 3), (7, 4), (8,5), (9, 6) for atotal of [6] numbers.

Round 2
.3
4 35
1. —2=""-5/7.
NTNT
4

2. Let N bethe number of problemsand x be the number wrong. x + %x =N®

1—53x: N . Theleast vadueof x for N to be anintegeris5,N = [13].

3. (x+1)%-12x=2(x+2)- 3® x?- 12x=0

Round 3
1. mBC = 135, MDCBE = 45, DABE =43,\ mDA=9%4.
2. Let BC = yand CF = x, then

AB? = BF »BD ® (9v2)" = (x+y)(x +y +9) and

CE2=CF>CD® 6% =x(x+9)® x?+9x- 36=0
® (x+12)(x- 3)=0 ® x = 3. Subdtituting into the
firs equation givesy = 6

3.1n DACB, AC isthedltitude of the A
pyramid and AB isthe dant height. Since X
AC=12, AE=4and BC =4, by smilar b E
trimglax:@,y:&él_o,mdz:g y



Round 4

1. ag=16,a,=8® r =42 ® 8=a,48
2. Given A:%(Zlogba- logp, a)(logb a3) and B :%(4Iogba- 3logp, a)(logb a7) , the
ratioisz.
3
2x-1 X- 3

-1<0®
X+ 2 X+ 2

-2<X-k<2® k-2<x<k+2,then|0 £ k £ 1| makesthe solution st to
2x-1
+ 2

<0® -2<x<3. Snce

|x - k| < 2 asubset of the solution set to <1.

Round 5

7 7
1. SlopeofI=—. y- S:E(x+8)

2. Center of dlipse: (3, —4), Low point: (3, —11), Ends of minor axes. (-1, -4) and (7, -4).
y = a(x- 3)2 - 11. Substitute the coordinates of an endpoint to get a.

3. Satingwith C(a,a), D(b,b), and O(r,r),then EC = a, TC = a—f, and since

TC =CQ,then EQ = r —a+£® a= (2- «/E)r. Likewise,

b2 . b2

WE = \ND—— Snce EO+OW =WE = 2+r—— then

b= (2 ++/2 )r . Theareaof ABCD equdsthe differenceintheareasof DAED and

_ 12 2 = ( 2 ) _
DBEQ—Eb- ——(6+4J_) (6 4«/‘) 4J2r2 = 48,
Thusrzz 6«/5

Round 6
4[5
1. cosxzﬁtanx—z—‘/g tan2x = —2
3 4
1 —
5
2. i-3-5+7+9-11+>»-19=-11+9i

3. Multiply both 9des by 9n g, write as f(q)=0 and factor, getting
(2sing - 1)(cosq +sing = 0)



MASSACHUSETTSASSOCIATION OF MATHEMATICSLEAGUES

STATE PLAYOFFS— 2005 — Solutions Continued

Team Round

1. Let x bethelength of the cube'sedge. Thevolume of each holeis1:1: x, so the volume of
materid removed is 3x, but that counts the little cube that is the intersection of the three holes

threetimes. So the volume removedis 3x - 2. Thus, X° - (3x-2)=324 ®
x3- 3x-32=0® (x - 7)(x2 + 7x+ 46) = 0. Theonly red solutionisx = [7].

: i
2. tan AxcotB = 2® SmAXC.O—SB:g ® sin AxcosB = ~cosAssinB . Since —an(A B) =
5 cosA snB 5 5 sn(A- B)

9 . . 9
sin AcosB + CosASNB _ gcosAsmB+cosAsmB B §+1 7
= , the answer |s§.

SnAcosB- cosAsnB %cosAsinB- cosAsinB  _- 1

3. From 10to 19thereisone 0 and eight 1'sfor atotal of 8- 1 = 8. From 20t0 29, thereis
one0, one 1, and seven 2'sfor atotal of 1 +7 -2 = 15. From 30 to 39 thereisone 0, one 1,
one2, and six 3sforatotal of 1 +2+3 -6 = 21. From40to49wehavel+2+3+5-4
= 26. For50-59: 1+2+3+4+4-5 = 30,for60-69:1+2+3+4+5+3-6 = 33,
for70—-79: 1+2+3+4+5+6+2-7 = 35for80-89: 1+2+3+4+5+6+7+1-
8 = 36, and for 90 — 99 we as0 have 36. The sum of al the smalest digitsis8 + 15+ 21 +

26+30+33+35+36+36 = [240|.

4. From ,C, = 6 weare expecting to see 6 different weights but there are only 5 different

weights. If two of the weights were the same, then there would be only 4 different weights,

50 the concluson is that two different pairs give the sameresult. Call theweightsa, b, c,
anddwith a < b < ¢c <d. Thenwecanknow for surethat a + b = 27, a+ c = 41, and
c +d = 61. Subtracting the third from the second we obtain a + 20 = d . Now either
atd=44ora+d=47. Tryinga+d=44 gves2a+20=44 ® a =12, making

d=32,andb = 15,c = 29. If a+d=47,then 2a+20 =47 ® a:2?7 but that

makes b = 2?7 which equals a and that can’t be. Thus, the heaviest weight is [32].

Alternate solution froma + b = 27 and ¢ +d = 61, weobtain (a+ d) + (b +¢) = 88,

mekinga+d=b+c=44. Froma+d =44, b+d = 47, c + d = 61 weadd to obtain
a+b+c+3d=152. Subtract a+b + c+ d = 88 andobtain 2d = 64.




Given sdes X, x,2005- 2x, we have 2x > 2005- 2x® x> 50125 and
X +2005- 2x>x;x + 2005 - 2x > x ® x<10025. Thus, the equa sides can take on integer

vauesfrom5 02 to 1002 inclusive, atota of values

Usng the figure as marked: 2(1 xx) - X2 = %(1- x)2, 3x%- 6x+1=0 ® x= 3-

AB=x/2® AB = M

3




